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1 Introduction
The rapid change in a quantum system from a Hamiltonian H0 to a Hamiltonian H is
known as a quantum quench. Quantum quenches are of experimental interest since they
can be studied in laboratory systems involving ultracold atoms. They are also of theoretical
interest as examples of out of equilibrium quantum systems whose thermalization, or lack
thereof, can be used as a first step towards understanding thermalization in more general
quantum systems. Of course, a quantum system that starts in a pure state and evolves
unitarily will remain in a pure state for all time. The question of whether a quantum system
thermalizes can be defined as the question of whether properties of the system, such as
correlation functions or entanglement entropies, eventually reach a constant “thermal”
value with small oscillations around that value.
The problem of a quantum quench to a Hamiltonian H describing a conformal field
theory (CFT) has been studied in [1–7], where particularly strong results are found for
1 + 1 dimensional theories. In these studies, the quantum quench is modelled as an initial
condition |ψ0〉 for the state of the CFT at the time of the quench, and this state is then
evolved in time with the CFT Hamiltonian. In [1–7] the initial state was taken to be the
Euclidean time evolution of a conformal boundary state |B〉, or equivalently that given
by performing the Euclidean path integral over a strip with some conformally-invariant
boundary condition B on the lower edge. The problem thus reduces to studying a CFT with
a boundary, known as a boundary CFT (BCFT) [8]. For CFTs on the infinite Minkowski
plane, many properties of correlation functions and entanglement entropies reproduce those
of a thermal state sufficiently long after the quench [2–5, 7].
CFTs defined either on circles or finite intervals will generally exhibit quasi-periodic
behavior at large times dictated by the density of states. But at intermediate timescales
— long compared to the light-crossing time but short compared to that above — one
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may expect them to approximately thermalize as well. It is therefore notable that on a
finite strip of length L with conformally invariant (and thus energy-conserving) boundary
conditions B, [6] recently showed that certain states are exactly periodic in time with
period L (in units with the speed of light set to one).1 These states are defined by the
Euclidean path integral over a rectangle of height h and length L with boundary condition
B imposed on all sides. Conformal invariance implies that the physics is determined by
the ratio L/h.
This exact periodicity is explained in [6] by the constraint that the initial conditions
involve only descendants of the identity. This suggests, and we show below, that these
states are Lorentz-signature conformal transformations of the ground state of the strip.2
Below, we refer to the above states as tuned rectangle states and denote them by |L/h〉strip.
This observation is our main technical result and is shown in detail in section 2.1.
However, we also note that the L → ∞ limit of tuned rectangles gives the states on
the plane that were used to study thermalization in [1–5, 7] (and which we call |h〉Mink
below). As described in section 3, it follows that these states are also conformally related
to the ground state on the strip of width L with boundary condition B. In particular, this
ground states provides a smooth conformal extension of |h〉Mink beyond future infinity of
the Minkowski plane, and indicates that these states retain some notion of non-thermal
behavior at late times. In contrast, we note that more general states admit no such smooth
conformal extensions, though we leave open the question of whether some well-defined (but
non-smooth) and similarly non-thermal extension might exist. We close with some final
discussion in section 4, which suggests that the existence of such conformal extensions may
be related to other possible non-thermal late-time behavior of the above Minkowski states.
Appendix A briefly comments on associated asymptotically AdS3 bulk solutions for CFTs
with holographic duals and provides technical input for the argument of section 3.
2 Periodicity and tuned rectangle states
We now address the tuned rectangle states |L/h〉strip. Section 2.1 describes two methods
of constructing these states. The first conformally maps the Euclidean half plane to a
rectangle and Wick rotates the result. The second makes a Lorentz-signature conformal
transformation directly from the ground state on the strip. Finally, section 2.2 makes
the periodic nature of these states explicit by computing the one-point functions of both
primary operators and the stress tensor.
2.1 Tuned rectangle states from conformal transformations
We now show that |L/h〉strip can be built by applying conformal transformations as de-
scribed above. Our first method uses the Euclidean conformal transformation from the
1 As a result, even though the energy of such states can be large, in a holographic context (see appendix A)
the bulk duals to these states never form black holes.
2Exact periodicity for a related finely-tuned local quench was found in [9], where the initial conditions
involve only descendants of the identity. Our work should generalize to this case, showing that the state
after the quench is again a Lorentz-signature conformal transformation of the ground state on the strip.
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Figure 1. The Lorentz-signature rectangle states can be obtained by mapping the Euclidean half-
plane to a Euclidean rectangle via the conformal transformation (2.4) followed by a Wick rotation
τ → it to obtain a state defined on a Lorentzian strip. Here each wi is the image of the associated
zi. States defined on strips of infinite length can be obtained from a Weyl transformation that maps
the dashed blue diamond, called the fundamental diamond in the text, to the Minkowski plane.
Euclidean half-plane. This construction relates all Euclidean n-point functions to those on
the half-plane, whence the Lorentz-signature correlators follow by Wick rotation. Alterna-
tively, we may apply the inverse transformation to relate the Euclidean path integral that
computes the t = 0 Schro¨dinger-picture wavefunctional of |L/h〉strip to a corresponding
path integral on the half-plane.
The essential point is to recall that the half-plane can be conformally mapped to a
rectangle using a Schwarz-Christoffel map [10]. We choose to work with the right-half
plane as shown in figure 1, using Euclidean coordinates z = y1 + iy2 on the half-plane and
w = x + iτ on the rectangle. Euclidean time-reversal thus acts as z → z¯, w → w¯. In
particular we introduce the real parameter a > 1 and take the points z1 = ia, z2 = i, z3 =
−i, and z4 = −ia to map to the corners w1, w2, w3, and w4 of the rectangle as shown in the
figure. So long as
dw
dz
∝ (z + ia)−1/2(z + i)−1/2(z − i)−1/2(z − ia)−1/2, (2.1)
the image of the imaginary axis will have piecewise-constant slope, changing only at the
images wi of the points zi where the slope changes by pi/2. The imaginary axis is thus
mapped to the boundary of a rectangle. That the right-half plane is mapped to the interior
of the rectangle follows by considering the image of a vector pointing from the imaginary
axis between two zi into the right-half plane.
It will be useful to define κ2 = 1 − a−2, with 0 ≤ κ ≤ 1, so that integrating (2.1)
yields [11]
w(z) = −A
∫ z
0
dξ
(i + ξ
√
1− κ2)1/2(i− ξ√1− κ2)1/2(i + ξ)1/2(i− ξ)1/2 = AF
(
arctan z|κ2),
(2.2)
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Figure 2. Aspect ratio of the rectangle as a function of κ.
where F (·|·) is the incomplete elliptic integral of the first kind [12] and we have inserted an
arbitrary real constant A to set a scale. Our parameter κ is called k′ in [12]. The length
and height of the rectangle are given by
L = AK
(
κ2
)
and h = 2AK
(
1− κ2), (2.3)
where K(k) is the complete elliptic integral of the first kind [12]. A conformal transforma-
tion to a rectangle of length L is therefore accomplished by choosing A = L/K(κ2), or
w =
L
K(κ2)
F
(
arctan z
∣∣κ2). (2.4)
We wish to apply this conformal transformation to a path integral on the half-plane
defined by a conformally-invariant boundary condition B (associated with some conformal
boundary state |B〉) on the imaginary axis. The map (2.4) will then relate this to a path
integral on the rectangle which imposes the identical boundary condition on all four sides.
Wick rotating correlators or computing initial data at t = 0 as described above then yields
the tuned rectangle state |L/h〉strip on the Lorentzian strip with the boundary condition
B. For a given B, the set of such states is parametrized by κ, or equivalently, by L/h; see
figure 2. Note in particular that taking h → ∞ (κ → 0) integrates over an infinitely tall
Euclidean-signature strip so that |0〉strip is the strip ground state for boundary condition
B. In contrast, [6] focussed on the opposite limit κ→ 1 describing initial states with small
correlation lengths.
The above construction shows that any two tuned rectangle states |L/h〉strip with the
same B are conformally related. In particular, taking one to be |0〉strip shows that the
other (arbitrary) tuned rectangle state is a Euclidean-signature conformal transformation
of the strip ground state. Our main observation is that the time-reflection symmetry of
|L/h〉strip allows us to Wick rotate this result to Lorentz-signature; i.e., any |L/h〉strip can
be obtained by applying a Lorentz-signature conformal transformation to the ground state.
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To see this explicitly, note that the inverse of (2.4) is
z = sc
[w
L
K
(
κ2
)∣∣∣κ2], (2.5)
where sc(·|·) is a Jacobi elliptic function [13]. Since sc(x|0) = tanx and K(0) = pi/2, setting
κ = 0 and taking the complex coordinate on the infinite-height Euclidean rectangle to be
w0 yields
z = tan
piw0
2L
. (2.6)
We may then map this to a Euclidean rectangle with arbitrary κ through
w =
L
K(κ2)
F
(piw0
2L
∣∣∣κ2). (2.7)
Analytically continuing (2.7) implies that the general rectangle state with boundary con-
dition B can be obtained from the associated strip ground state by applying that Lorentz-
signature conformal transformation
x± =
L
K(κ2)
F
(
pix±0
2L
∣∣∣∣κ2), (2.8)
in terms of null coordinates x± = x± t and x±0 . As usual, the Wick rotation of the complex
Euclidean coordinate yields two independent coordinates in Lorentz-signature. Rather than
analytically continuing the function (2.7) in this way, some readers may prefer to think
of (2.7) as defining a reparametrization of the interval [0, L] at τ = 0, and thus at t = 0 of
Lorentzian time. The time-reflection symmetry then implies that the comformal map (2.7)
is fully specified by this reparametrization, and the similarly-specified Lorentz-signature
conformal transformation is (2.8). Thus the excited state |L/h〉strip may be written
|L/h〉strip = U(L/h)|0〉strip (2.9)
where U(L/h) is the unitary transformation that implements the symmetry of our CFT
defined by (2.8).
Note that both x+ − x+0 and x− − x−0 are periodic with period 2L, as is required to
preserve the conformal geometry of a given strip. Since the ground state is invariant under
time-translations, this observation together with the symmetry under x→ −x immediately
implies the result of [6] that general tuned rectangle states are also periodic with period L.
2.2 One-point functions
The relations (2.9) and (2.8) allow many properties of |L/h〉strip to be computed explicitly
in terms of elliptic functions. We describe expectation values of both primary operators and
the stress tensor below. In particular, the primary calculation verifies that (2.8) reproduces
the one-point functions of [6] in the relevant domain of validity. One may also perform the
computation by using (2.4) and Wick rotating. For conceptual clarity we use the former
method for primaries, though the anomalous term renders the latter more convenient for
the stress tensor.
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Consider then some primary operator Φ with scaling dimension ∆. To compute
〈Φ〉L/h ≡ strip〈L/h|Φ|L/h〉strip from (2.8) we must first find the one-point functions in
the ground state 〈Φ〉0. For this initial step we use (2.6) and the one-point function on the
half-plane where conformal invariance requires [3, 11]
〈Φ(z)〉HP =
CΦ
(Re z)∆
. (2.10)
Here CΦ is a constant that depends on the operator Φ and the boundary conditions B.
Applying (2.6) yields
〈Φ(w)〉0 =
∣∣z′(w)∣∣∆〈Φ(z)〉HP = CΦ
[
pi
2L
∣∣sec2 piw2L ∣∣
Re
(
tan piw2L
)]∆ = CΦ(pi
L
csc
pix
L
)∆
. (2.11)
As expected, the result is time-independent and thus trivial to Wick rotate to Lorentz
signature.
The one-point function in the general state |L/h〉strip is then obtained by applying (2.8).
It is useful to note that the inverse of (2.8) is
x±0 =
2L
pi
am
(
x˜±
∣∣κ2), (2.12)
where x˜± ≡ x±K(κ2)/L and am(x˜±|κ2) is the Jacobi amplitude function [12]. Since
d am(x˜±|κ2)/dx˜± = dn(x˜±|κ2), where dn is another Jacobi elliptic function, the Jacobian
of the transformation (2.12) is∣∣∣∣∂(x+0 , x−0 )∂(x+, x−)
∣∣∣∣ = 4K2
(
κ2
)
pi2
dn
(
x˜+
∣∣κ2) dn(x˜−∣∣κ2).
The general tuned rectangle one-point function is thus
〈Φ(t, x)〉L/h =
∣∣∣∣∂(x+0 , x−0 )∂(x+, x−)
∣∣∣∣∆/2〈Φ(t, x)〉0
= CΦ
[
2K
(
κ2
)
L
√
dn x˜+ dn x˜−
sn x˜+ cn x˜− + sn x˜− cn x˜+
]∆
, (2.13)
where all of the Jacobi elliptic functions are abbreviated pq z = pq
(
z
∣∣κ2) and where we
used the identities sin[am(z|k)] = sn(z|k) and cos[am(z|k)] = cn(z|k). The result (2.13)
is plotted in figure 3 for several values of L/h. One can show that (2.13) is periodic with
period L by using the identities [13]
sn
[
z ±K(κ2)∣∣κ2] = ±cn(z∣∣κ2)
dn(z|κ2)
cn
[
z ±K(κ2)∣∣κ2] = ∓√1− κ2 sn(z∣∣κ2)
dn(z|κ2)
dn
[
z ±K(κ2)∣∣κ2] = √1− κ2
dn(z|κ2) .
– 6 –
J
H
E
P09(2014)082
0 1 2 3 40
2
4
6
8
10
Figure 3. The one-point function of a primary operator of dimension ∆ = 1 for different rectangle
states evaluated at the center (x = L/2) of the Lorentzian strip.
For comparison, the one-point function 〈Φ(t, x)〉L/h was computed in [6] for x = L/2
and L/h 1 by noting that it is a universal function of L, h, and ∆ and so can be found
by taking Φ to be the exponential of a massless scalar field. Using the method of images
and the condition L/h 1 to replace the image sum by an integral yields
〈Φ(t, L/2)〉images ≈
(pi
h
)∆ ∞∏
m=−∞
{
cosh
[
piL
h
(
t/L−m− 12
)]
cosh
(
piL
h m
)
cosh
[
piL
h (t/L−m)
]
cosh
[
piL
h
(
m+ 12
)]}∆. (2.14)
The ratio of (2.14) to (2.13) — evaluated at x = L/2 with CΦ = 1 — is plotted in figure 4.
3
As desired, the two agree for L/h  1, though (2.14) clearly vanishes as h → ∞ due to
the explicit factor (pi/h)∆. This factor was not stated explicitly in [6], though we obtained
it from [14] and verified the result.
We may also check our result in the limit L → ∞ (κ → 1). From (2.3) we find
K(1)/L = 2K(0)/h = pi/h. Using sn(z|1) = tanh z and dn(z|1) = cn(z|1) = sech z we
thus find
lim
L→∞
〈Φ(t, x)〉L/h = CΦ
[
pi
h
√
cosh 2pit/h+ cosh 2pix/h
2
sech
pit
h
csch
pix
h
]∆
.
3The series given by the log of (2.14) fails to converge absolutely. As a result, one must use care in
taking the limit of an infinite number of terms. Figure 4 approximates (2.14) using
〈Φ(t, L/2)〉images =
(pi
h
)∆ N−1∏
m=−N
{
cosh
[
piL
h
(
t/L−m− 1
2
)]
cosh
[
piL
h
(t/L−m)]
}∆ N∏
m=−N
{
cosh
[
piL
h
(
m+ 1
2
)]
cosh
(
piL
h
m
) }∆
for N = 20. This approximation explicitly preserves the desired symmetry t→ −t. More naive truncations
that do not explicitly respect this symmetry still converge as N →∞, but the limit is neither periodic nor
consistent with time-reversal symmetry.
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Figure 4. Ratio of (2.14) to (2.13) evaluated at x = L/2 with CΦ = 1. Eq. (2.14) is truncated
with N = 20 as is described in the text. Note that this ratio is time independent.
Far from the x = 0 boundary this becomes
lim
L→∞
〈Φ(t, x h)〉L/h = CΦ
(
pi
h
sech
pit
h
)∆
, (2.15)
which yields CΦ(2pi/h)
∆e−∆pit/h for pit h. This coincides with the decay found for infinite
intervals in [2, 3].
We may also compute the expectation values of the stress tensor and the energy in
tuned rectangle states. As mentioned above, we will begin on the half-plane and obtain
the stress tensor on the tuned Euclidean rectangle by the Euclidean conformal transforma-
tion (2.4). We will focus on the stress tensor at t = 0 for which Wick-rotation to Lorentz
signature is essentially trivial: 〈Ttt〉L/h = −〈Tττ 〉L/h, and time-reversal symmetry requires
〈Ttx〉L/h = 0.
On the half-plane the symmetries require 〈Tµν〉HP = 0. In particular, translation and
reflection symmetry in y2 implies 〈T y1y2〉HP = 〈T y2y1〉HP = 0.4 Since the stress tensor
has conformal weight 2, conformal invariance of |B〉 and the vanishing trace on the plane
require 〈T y1y1〉HP = −〈T y2y2〉HP = C/y2 for some constant C. But the conservation law
∂ν〈Tµν〉HP = 0 forces C = 0.
The stress tensor on the rectangle thus comes only from the anomalous term in the
conformal transformation law for 〈Tµν〉. Since the trace vanishes on the rectangle as well,
we have
〈Tττ 〉L/h = −〈Tww〉L/h − 〈Tw¯w¯〉L/h =
1
pi
〈ReT (w)〉L/h, (2.16)
where T (w) = −2piTww. Under a general conformal transformation z → w(z), the stress
tensor transforms as [11]
〈T (w)〉L/h =
[
z′(w)
]2〈T (z)〉HP + c12{z;w}, (2.17)
where
{z;w} ≡ z
′′′(w)
z′(w)
− 3
2
[
z′′(w)
z′(w)
]2
is the Schwarzian derivative.
4This condition ensures that there is no energy flux across the boundary.
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Figure 5. Energy density as a function of distance along the Lorentzian strip at t = 0.
The stress tensor for h = ∞ follows from (2.6). One finds {z;w} = pi2/2L2, so the
energy of the ground state is just
〈E〉0 = −
cpi
24L
. (2.18)
The stress tensor for an arbitrary tuned rectangle follows from (2.4):
〈T (w)〉L/h =
c
24L2
K2
(
κ2
)3 dn4(w˜∣∣κ2)− (2− κ2) dn2(w˜∣∣κ2)+ 3(1− κ2)
dn2(w˜|κ2) , (2.19)
where w˜ ≡ wK(κ2)/L. We plot the energy density at t = 0 in figure 5 for several values
of L/h. States with non-zero values of L/h (κ < 1) have energy densities that peak near
the center of the strip and have negative dips near the ends of the strip. As L/h → ∞
(κ → 1), the central peak becomes a wide plateau with a value at the center of the strip
that diverges as h−2 and becomes independent of L:
〈Ttt(0, L/2)〉L/h→∞ =
cpi
24h2
+O
(√
1− κ2
)
. (2.20)
Note that this is the tt component of the thermal stress tensor at inverse temperature
β = 2h.
Finally, consider the Wick rotation w → x − t, w¯ → x + t. Since a shift in t by an
integer multiple of L (t → nL) shifts the arguments of the Jacobi elliptic functions by
nK
(
κ2
)
, the Lorentz-signature stress tensor is periodic with period L as expected.
3 Conformal transformations to the thermal Minkowski plane
We noted above that tuned rectangle states with arbitrary L, h are Lorentz-signature con-
formal transformations of the ground state on the strip of width L. As a result, these states
are periodic in time with period L and do not thermalize. Recall, however, that [2–4, 7]
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used conformal boundary states on the infinite Minkowski plane to model the thermaliza-
tion of generic states. Such Minkowski states are the L→∞ limit of tuned rectangles with
fixed h. This suggests that there may be a sense in which Minkowski conformal boundary
states fail to thermalize as well.
We make this precise below by showing that Minkowski conformal boundary states
are again conformally related to the ground state on the finite-L strip with the associ-
ated boundary condition B. Roughly speaking, the desired conformal transformation is
the composition of the singular h → 0 (κ → 1) limit of (2.8) with an infinite scale trans-
formation that takes L → ∞, but it is easier to derive the correct map from Euclidean
considerations. We will find that our map takes the Minkowski plane to the diamond
shown in figure 1, which we call the fundamental diamond. In particular, we see that
the states |h〉Mink ∝ e−h2H |B〉 defined on the Minkowski plane admit extensions of their
time evolution past future null infinity (I ±). Since this extension is given by the ground
state on the strip, it is in no way thermal. The lack of periodicity and apparent thermal-
ization in [2–4, 7] can be viewed as being due to confining attention to the fundamental
diamond, whose extent in time is too small to feel the influence of the boundaries of the
strip in figure 1.
We also show below that more general states on the Minkowski plane cannot be
smoothly extended in the same way. This raises the question of whether these more general
Minkowski states might “thermalize” in a deeper sense than do conformal boundary states.
We now construct the desired conformal map. As in section 2, we begin with the
Euclidean conformal transformation and then Wick rotate the result. A useful first step in
constructing the desired transformation is to relate the path integral over the (say, eastern)
half of a unit sphere to those defining both the Minkowski states |h〉Mink and the ground
state |0〉strip on the strip of length L. Taking θ to be the usual polar angle based at the north
pole, our hemisphere is θ, φ ∈ [0, pi]. The conformal map to the (Euclidean) h = ∞ strip
with finite L and Cartesian coordinates X,TE is defined by TE =
L
pi ln tan θ/2, X =
Lφ
pi .
The map to the (Euclidean) L = ∞ strip with finite h and Cartesian coordinates x, τ is
similar, differing only by a pi/2 rotation of Euclidean space and a shift of the origin. The
full form of this map is rather complicated in terms of θ, φ, though it simplifies at τ = 0
(θ = pi/2) where we find x = hpi ln tanφ/2. So for τ = TE = 0 we have x =
h
pi ln tan(piX/2L).
Time-reversal symmetry then implies that the Wick-rotated conformal transformation can
be written in terms of null coordinates U = T−X, V = T+X on the fundamental diamond
and u = t− x, v = t+ x on the Minkowski plane as
U = −2L
pi
arctan e−2piu/β and V =
2L
pi
arctan e2piv/β, (3.1)
where we have introduced the parameter β = 2h, which, from (2.20), has the interpretation
of inverse temperature for L → ∞. As advertised, this maps the Minkowski plane to the
fundamental diamond −U, V ∈ [0, L]. The map (3.1) relates the metrics on the Minkowski
plane and the fundamental diamond by ds2Mink = Ω
2 ds2diam with the conformal factor
Ω =
β
2L
√
cosh
2piu
β
cosh
2piv
β
. (3.2)
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The map (3.1) is familiar from the study of systems without boundaries, where it
is well-known for mapping a diamond of width L in a cylinder of circumference 2L to
the thermal Minkowski plane (see [15, 16], or more explicitly [17]). In other words,
applying this map to the stress tensor in the thermal state on Minkowski space (with
〈Ttt(t, x)〉Mink = 〈Txx(t, x)〉Mink = pic/6β2) yields the stress tensor 〈Ttt(t, x)〉diam =
〈Txx(t, x)〉diam = −pic/24L2 on the fundamental diamond, which is characteristic of the
ground state on a cylinder of circumference 2L. Since 〈Tµν〉HP = 0 on the half-plane with
conformal boundary conditions, expectation values of the stress tensor in |0〉strip with width
L coincide with those in the ground state of the cylinder of circumference 2L. For the same
reason, the expectation value of the stress tensor in |h〉Mink is precisely thermal. Thus (3.1)
relates these stress tensors as desired. It is also straightforward to check (3.1) by examin-
ing the one-point functions of primary operators. Applying (3.1) to the one-point function
〈Φ〉Mink in |h〉Mink given by (2.15) yields
〈Φ〉diam = Ω∆〈Φ〉Mink = CΦ
[
pi
L
√
cosh
2piu
β
cosh
2piv
β
sech
pi(u+ v)
β
]∆
, (3.3)
which agrees with (2.11) in the fundamental diamond.
The strip ground state |0〉strip thus provides a smooth conformal extension of |h〉Mink
past I ±. This is a special property of conformal boundary states not shared by more
general states on the Minkowski plane. Indeed, we now describe a class of states which
admit no smooth conformal extensions past I ±.
For simplicity, we assume that the theory admits a U(1) symmetry with generator
Q such that Q|h〉Mink = 0. The desired class of states may be obtained from |h〉Mink by
acting at t = 0 with a unitary operator O that is invariant under the combined action of
translations x→ x+ λ and eipλQ for some momentum p and any displacement λ. If O has
non-trivial commutator with some complex primary Φ with charge q 6= 0 under the above
U(1), the expectation value of Φ in O|h〉Mink will be of the form 〈Φ(t = 0)〉 = DΦe−iqpx.
We assume DΦ 6= 0. On the other hand, the expectation value of the stress tensor remains
translation invariant. If O also preserves the Z2 symmetry that acts simultaneously as
parity (x → −x) and charge conjugation (Q → −Q), then by making an additional scale
transformation we can take the stress tensor to have the same (thermal) expectation value
as in |h〉Mink. This forces any conformal map that might define a conformal extension of
our state to have the form (3.1) near I ±.
However, there are cases in which one can show that the expectation value of Φ at late
times is of the form
〈Φ〉Mink =
D˜Φ
2
[
2pi
β
sech
pi(u+ v)
β
]∆(
eipqu + e−ipqv
)
. (3.4)
This result may be motivated by supposing that the real and imaginary parts of Φ do not
interact significantly at late times and using a conformal transformation to generate e.g.
Re〈Φ〉Mink from (2.15). In the holographic context it follows from the known spectrum of
quasi-normal modes on the BTZ black hole as described in appendix A.
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On the fundamental diamond 〈Φ〉diam = Ω∆〈Φ〉Mink is thus of the form (3.3) multiplied
by eipqu + e−ipqv. It is this final factor that causes the trouble. The future edges of the
diamond are defined by either u → +∞ or v → +∞. There the limits of (3.3) are
smooth and non-zero. But since the factor eipqu + e−ipqv oscillates infinitely many times as
these edges are approached, our new state fails to be smooth there and admits no smooth
conformal extensions beyond the diamond.
One might nevertheless wonder if the CFT dynamics allows one to evolve the state
through the resulting singularity. In other words, might our new state admit a unique
and well-defined but singular conformal extension to the timelike strip? The smooth ex-
pectation value of the stress tensor may be taken as an indication that it does, though a
complete answer lies beyond the scope of the present work.
4 Discussion
We have shown that the tuned rectangle states of [6] are Lorentz-signature conformal
transformations of the ground state on the strip. This immediately explains the periodicity
and lack of thermalization observed in [6]. It seems clear that the exact periodicity of the
analogous local quench studied in [9] is similarly due to the final state being a Lorentz-
signature conformal transformation of the ground state.
We also showed that the related states |h〉Mink used to model thermalization in [1–5, 7]
can be conformally mapped to the ground state of the finite L strip restricted to the
fundamental diamond. The strip ground state thus provides a smooth conformal extension
of such states beyond future infinity of the Minkowski plane. This extension is distinctly
non-thermal. In contrast, we argued that more general states admit no smooth conformal
extension.
The actual conformal transformation used to relate |h〉Mink to the fundamental dia-
mond in |0〉strip is precisely that used to relate a thermal state on the Minkowski plane to
a diamond on the (half) cylinder. It is thus related at the formal level to the fact that the
cylinder vacuum provides a conformal extension of the Minkowski thermal state. Recall,
however, that the thermal state is highly mixed, and the cylinder vacuum extension puri-
fies the state by adding additional degrees of freedom. In contrast, the states |h〉Mink are
already pure and — because the strip boundaries pass through the right and left corners
of the fundamental diamond (see figure 1) — the extension to |0〉strip adds no new degrees
of freedom. The only additional information supplied beyond that already in |h〉Mink is the
particular choice of boundary condition imposed at the edges of the strip.
This observation provides a sense in which |h〉Mink retains certain non-thermal char-
acteristics even in the far future. We noted that more general states admit no smooth
conformal extensions, though we left open the question of whether they might admit well-
defined but non-smooth conformal extensions with similar non-thermal characteristics.
It is interesting to ponder the implications for general studies of thermalization. As an
example, [1, 2, 5] argued that the mutual information of two equal-sized length ` intervals
in |h〉Mink first grows to reach a thermal value and then displays a remarkable dip at the
time t = ` + D where D is the distance between the intervals. Here as usual we set
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the speed of light to one, so this is the time when quasi-particles moving to the right at
the speed of light that originally filled the left interval would be entirely contained in the
right interval. This was a key ingredient in the arguments of [1, 2, 5] for a simple quasi-
particle description of entanglement (though see [6] for a more refined picture). While we
understand that [18] will question whether this result can hold outside the rather special
framework of rational coformal field theories,5 if confirmed for general CFTs the above dip
would be an example of the kind of late-time (t  h) non-thermal behavior we have in
mind. We would then be led to ask whether such results might be intimately tied to the
existence of conformal extensions, which might be particular to the states |h〉strip, or at
least to states in 1+1 CFTs.
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A Holographic description
We now provide a few brief comments on the holographic description of conformal boundary
states and show explicitly that the gravitational solutions dual to |L/h〉strip do not contain
black holes for any value of L/h. The main technical point is to justify the behavior (3.4)
nearI ±. However, we also find the holographic perspective useful for better understanding
the comments of section 3. We proceed quickly and refer readers unfamiliar with holography
to e.g. [21, 22] for reviews of the relevant technology. Previous holographic studies of
quantum quenches include [7, 20, 23–36].
Before beginning, recall from [37] that the holographic dual of a BCFT can often be
described by adding appropriate orbifolds/orientifolds to the bulk that intersect the AdS
conformal boundary at the boundary of the CFT. In parallel with the Randall-Sundrum
constructions [38, 39], refs. [40, 41] introduced a simple phenomenological model in which
one simply chooses a surface Σ in the bulk (called the end-of-the-world brane below) on
which one takes the bulk spacetime to end. One then imposes boundary conditions requir-
ing this surface to intersect the AdS conformal boundary at the boundary of the CFT. One
also requires the bulk fields to satisfy a boundary condition at the end-of-the-world brane
that respects diffeomorphism invariance and which provides a good variational principle
for the system. We use this framework below and impose a Neumann boundary condition
for the metric
Kµν = 0, (A.1)
5Other aspects of the quasi-particle picture were questioned in [19], noting certain tensions with holo-
graphic calculations. See also related comments in [20].
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where Kµν is the extrinsic curvature of Σ, and a Dirichlet boundary condition
φ|Σ = φ0, (A.2)
for some minimally-coupled bulk scalar φ, which for simplicity we treat as free aside from
its coupling to bulk Einstein-Hilbert AdS3 gravity. We take this scalar to have mass m and
the dual CFT operator Φ to have dimension ∆ = 1+
√
1 +m2`2, where ` is the AdS length.
Here, for simplicity, we restrict to operators with ∆ > 1. We also ignore any complications
from internal compact dimensions or additional AdS3 fields.
Before turning to the state |h〉Mink, we first discuss the holographic description of the
strip ground state |0〉strip. Recall that a Lorentz-signature strip of length L and infinite
height is conformally equivalent to global AdS2, whose line element may be written
ds2AdS2 = `
2 sec2 θ
(−dt2 + dθ2) (A.3)
with AdS2 length scale ` the same as the AdS3 length scale. Here we take t ∈ (−∞,∞) and
θ ∈ [−pi/2, pi/2]. Since we expect the strip ground state to be invariant under the SO(1, 2)
isometries of (A.3), the holographic dual spacetimes should admit foliations by AdS2 slices
with φ constant on each slice.
Choosing a conformal frame where the boundary metric is (A.3), the Fefferman-
Graham coordinate z will be constant on each slice. The bulk metric is then (using ∆ > 1)
ds2 =
`2
z2
[
dz2 + γµν(x, z)dx
µdxν
]
;
γµν(x, z) = γ
(0)
µν (x) + z
2γ(2)µν (x) + . . . , (A.4)
where the radial Hamiltonian constraint requires
γ(0)µνγ(2)µν = −
1
2
R. (A.5)
Here z is a radial coordinate that approaches 0 near the AdS boundary and R is the
Ricci curvature scalar of the boundary metric γ
(0)
µν which we take to be (A.3). Since AdS2
symmetry requires γ
(2)
µν ∝ γ(0)µν , we readily solve (A.5) to find γ(2)µν = 2γ(0)µν .
Thus, to this order the solution is independent of φ0. Since the boundary stress
tensor [42, 43] is determined by γ
(0)
µν and γ
(2)
µν we see that it is also independent of φ0. A
detailed calculation confirms that it agrees with the expectation value in |0〉strip found in
section 2.2.
It is now straightforward to construct holographic duals to more general tuned rect-
angle states using the observation of section 2.1 that they are Lorentz-signature conformal
transformations of |0〉strip. CFT conformal transformations are implemented in the bulk
by appropriate diffeomorphisms, so solutions dual to any |L/h〉strip describe the same ge-
ometry as for |0〉strip. All that changes is the choice of conformal compactification (i.e., the
choice of a particular Fefferman-Graham radial coordinate z). This immediately explains
the observation of footnote 1 that, despite having high energy for large L/h, such solutions
do not form black holes.
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Figure 6. A constant time slice of the bulk ground state. The red line denotes the end-of-the-world
brane Σ at z = 1, and the two blue lines indicate AdS2 slices of constant z. In the limit φ0 → 0 the
metric becomes that of empty global AdS3.
One may get some feel for the solutions by taking φ0 small enough that gravitational
back-reaction can be ignored. The solution must then be just some region of AdS3 whose
boundary respects the symmetries and the condition (A.1). The obvious choice is to use
the AdS2 slicing of AdS3, with Σ the AdS2 of minimal radius. Our solution is then just
half of global AdS3 as shown in figure 6. One may similarly construct interesting excited
states dual to CFTs on a strip by using half of any (global) BTZ black hole [44], though
these break the SO(1, 2) symmetries down to just time translations [40].
We now return to general φ0. We wish to discuss the limit that the length L of
the rectangle becomes infinite. As described in section 3, the associated states |h〉Mink
are conformally related to the fundamental diamond of |0〉strip. This diamond defines an
associated region of the conformal boundary of any bulk solution. The intersection in the
bulk of the causal past and future of this diamond defines a region analogous to the Rindler
wedge of global AdS3.
Indeed, there is a natural set of Rindler-like coordinates defined on this wedge as fol-
lows. We use a Fefferman-Graham gauge in which the boundary metric in the fundamental
diamond becomes the usual 1+1 Minkowski metric. Noting that spatial translations of
this metric coincide with one of the original AdS2 isometries, we see that the associated
radial coordinate zR defines a foliation in which every slice continues to be invariant under
translations. We may thus use the Killing coordinate xR associated with this isometry and
a time coordinate tR that is orthogonal to xR in each slice. The remaining scaling freedom
is fixed by associating a temperature 1/β with our fundamental diamond as in section 3
and by taking xR and tR to be normalized with respect to the boundary metric defined by
zR. Note that our boundary conditions require the solution in this Rindler-like region to
asymptote to the usual Rindler wedge of empty global AdS3 as tR → ±∞.
Of course, another name for the Rindler wedge of global AdS3 is the (exterior of the)
planar BTZ black hole.6 In the same way, when expressed in the above Rindler coordinates
6This statement is well-known, though it is difficult to find a reference which describes the details in this
language. By planar BTZ black hole, we mean the universal cover of the black hole [44] given by removing
the identifications of the spatial coordinate. The relevant coordinate transformations relating this to the
standard global AdS3 metric are described in [44]. The planar BTZ black hole contrasts with the global
BTZ black hole discussed above, in which the spatial coordinate is periodic.
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our solution for general φ0 defines the exterior of some dynamical BTZ-like black hole which
we see must approach the usual BTZ solution in the far future and past. Continuing our
solution beyond the horizon7 one will of course find that the spacetime ends at the end-of-
the-world brane Σ. For φ0 = 0 we obtain the solution used to describe holographic duals
of the states |h〉Mink in [7], which studied the resulting entanglement properties in detail.
This is the holographic description of the conformal map from section 3 relating |0〉strip
and |h〉Mink. The bulk version of the conformal boundary state |h〉Mink is just a particular
region of the spacetime dual to |0〉strip. The thermal properties are due to confining atten-
tion to the fundamental diamond and ignoring the region farther to the future. Though this
region may be legitimately called a (planar) black hole, the solution may be extended to
the future as a spacetime with no black hole. Furthermore, although the end-of-the-world
brane is in a sense hidden behind the black hole horizon for purposes associated with ob-
servations in the fundamental diamond, it is directly visible to observers whose worldlines
extend farther in time.
The late-time behavior (3.4) is now justified for holographic theories by noting that
our solution becomes the usual BTZ black hole as tR → ∞ and recalling [47] that, with
momentum p, the lowest scalar quasi-normal modes of BTZ have frequencies ω = ±p −
2pii∆/β.
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